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ABSTRACT

In this paper we have considered the problem of estimating the population mean using auxiliary information in presence of
non-response on both study as well auxiliary variables under stratified random sampling. We have studied the properties of
the suggested class of estimators under large sample approximation. Expressions for the optimum sample sizes of the strata
in respect to cost of the survey have been also derived. An empirical study is carried out to see the performance of the
proposed class of estimators.
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RESUMEN

En este paper hemos considerado el problema de estimar la media de la poblacién usando informacién auxiliar en presencia
de no-respuesta en ambas variables de estudio y de las auxiliares bajo muestreo estratificado. Hemos estudiado las
propiedades de la clase sugerida de estimadores bajo la aproximacion para grandes muestras. Expresiones para el tamafio
6ptimo de muestral de los estratos respecto al costo del survey también han sido derivadas. Un estudio empirico se desarroll6
para ver el comportamiento de la propuesta clase de estimadores.

PALABRAS CLAVE: variable de estudio , variable auxiliar, No-respuesta, Muestreo aleatorio estratificado, estimador
exponencial.

1. INTRODUCTION

The problem of non-response is very common in practice. Due to non-response the estimators of the
parameters yield bias outcomes. Hansen and Hurwitz (1946) was the first to tackled the problem of non-
response. Later various authors including Cochran (1977), Rao (1986), Khare and Srivastava (1997), Singh
and Kumar (2008, 2009), Singh et al (2010) have discussed the problem of estimating the population mean
of the study variable (SV) using information on auxiliary variable (AV) in presence of non-response using
Hansen and Hurwitz (1946) technique under simple random sampling without replacement (SRSWOR)
scheme. Usually SRSWOR sampling scheme is used when the population units are homogeneous. However
in practice heterogeneous population are also commonly encountered. In such situation stratified random
sampling is recommended. Keeping this view Chaudhary et al (2009) studied the problem of non-response
in stratified random sampling assuming that non-response occurs only on SV has been handled. Later
Sanaullah et al (2015), Saleem et al (2018) and Shabbir et al (2019) have studied the problem of non-
response when non-response occurs on both study and AVs and on the SV only in stratified single and two-
phase sampling. For more detailed study the reader is referred to Singh et al (2010), Singh et al (2018),
Singh and Sharma (2015) and Singh and Vishwakarma (2019).

In this paper we have made an effort to propose a family of estimators for estimating the population mean
of the SV y using information on two AVs (x, z) in presence of non-response under stratified random
sampling. The properties of suggested family of estimators have been studied under large sample
approximation. It has been shown that the proposed family of estimators is better than Saleem et al (2018)
class of estimators. Numerical illustration is given in support of the present study.

2. REVIEW OF EXISTING ESTIMATORS
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Let a finite population U :(Ul,Uz,...,UN )of size N be stratified into L strata (homogeneous). Let N, be

L
the size of the h™ stratum (h=1,2,...,L) such that Z N, = N. Letyand (X, z) be the study and AVs taking
h=1

values (Y, Xyi, Zyi Jon the i™ unit of the h™ stratum respectively. Let (¥,,X,,Z, ) be the sample means of
the h™ stratum corresponding to the population means (\Fh , )Th,Zh) respectively. In practice it is usually not

L

possible to gather complete information from all the units selected in the sample nh[z n, = n}. We have
h=1

studied the problem in the situation, where non-response occurs on all the variables (y, x, z).

Let npy units from a sample of size ny, respond and ny,) units do not. Employing Hansen and Hurwitz

Mh(2)

(1946) method of sub-sampling the non-respondents, a sub-sample of size rh[rh = , > 1J from np,

h
non-respondent group is selected at random and fidenotes the sampling fraction among the non-
h

respondent group in the h™stratum. In practice, r, is generally not integer and has to be rounded. In
accordance with most of the current literature on this research topic, we suppose that the followed-up
M (c nh(z))units respond on the second call. Further, let d denotes a dummy variable taking value d;on
the i"" population unit of stratum h and has h" stratum population mean Dy, . Hereafter, d may stand for if,
x or for asecond AV Z (i.e. d,, may stand for y,, x, and z, in stratified sampling ). Let

Nh(y 1

1 _ ho
iy = Zdhi(l)'drh(Z) :_Zldhi(Z)
My = Th 3

and

nh(2 —

- _ M = )
dp =—dp + A2 (2.)

Ny Ny

where Jnh(l) is the mean of n,;, respondents on first call and d ) is the mean of r,, units respond on the

second call and d_; denotes the unbiased Hansen and Hurwitz (1946) estimator of D,, for stratum h.

L
Thus we define an unbiased estimator of the population mean D = th D, as

h=1
— L —
dSt = thdh (22)
h=1

and the variance/MSE of d is given by

: L L
V<dst): Z5hWhZS§h +Z5hWhZS§h(2)l (2.3)

h=1 h=1
N, Nh(2)

Z(dhi -Dy )2 Z(dhi - 5h(z) )2

where Sdzh == and Sgh(z) == are respectively mean square of entire group
(N, -1) Npz) —1

N
and non-response group of variable d in the population for the h™ stratum, W, = Wh ,Oh :(i—i]

Ny Np
(fh _1)Nh(2) W = Nh(2)
"Yh(2) T
Ny h

population in the h™" stratum.

For obtaining the bias and mean squared errors (MSEs) of the proposed estimators we below give the values
of the required expectations:

We write

n
i =@ ang N2 being the size of the non-response group of the
Th

S =



Vo =Vlirey) x5 = Xlrer) 25 =Zl+e;)

such that
Eles)=Ele;)=Ele;)=0
and
L L
E(GSZ)Z _izthz (5h55h + 1S h2) )=Vo*2m E(efz): —izzwhz (5h8>3h + 5;5x2h(2))=V2:>o
Y X
h=1 h=1
L L
E(e;2)= 2_122th (5h5z2h + 5;Szzh(2) )=V0:)2, E(eSeI)= %thz (5h3yxh + 5;Syxh(2) )=Vﬁo
h=1 h=1
L L
E(ESeZ)= %thz (5hsyzh + 5!:Syzh(2) ):Vo*n- E(el*e;): %th‘z (5h3xzh + 5;szh(2) ):Vlt)l
h=1 h=1
where
Np, _ _ Ny, _ _
Sy = (Nhl—l) 2. (Xhi - Xthhi —Yh ): PrgnSxnSyhs Syzn = ﬁ;(m —Yh thi _Zh): PyahSynSan,
Np
Syah =m§(xhi - thzhi —Z_h)= PxahSxnSzh
Nh(2) _ _
Syi(2) = m Z(Xhi —Xh2) thi —Yh2) ): Pxyh(2)Sxh(2)Syn(2)
i=1
Nh(2)

Sy = N 1 Z Yhi _Y_h(Z) thi —Zh(z) ): Py Syh@)Sh(2)»
h(2) =+ ia
Nh(2)

1 _ _
Sxah(2) = No —1 Z(Xhi = Xh2) thi —Zn ): Pxah(2)Sxh(2)S zh(2)

1 1 1
Vh=— yh'1>zh=_ Xh'lz_hz_ Zhis

Nh; ' Nh; ' Nh; '

Nh(2) Nh(2) 1 Npe2)

_ _ 1 _
Yh =m thi  Xh2) :m thilzh(Z) =m Zzhh
i=1 i=1 i=1

(pyxh,pxzh,pyzh) and (pyxh(z),/?xzh(z),pyzh(z)) are the correlation coefficients between the subscripted

variables of entire population and non-response group of population in the h™ group.

Saleem et al (2018) suggested the following estimators for population mean Y in stratified random
sampling as

LX)z

tg = Ya {_—j{_—] , (2.4)
Xt J\ Zst
o x5\ Z

tsZ =Yy (%J[?ﬁ\} ) (2-5)

_ 9, _ 9,
oy a, X +by, a,Z +h, 2.6)
T aylagRg by - N X +by) | | ayla,zg +b, J+ M-, Na,Z +b,)|
— Ox = 9;
L a, X +b, a,Z +h, )
k mys{ax(axig by J+ (-, Na X +by )} L‘z 0,25 +b, )+ (-0, Na, Z +b, )} ’ @7)

where a, (= 0) and a, (= 0) are constants and b, and b, are either real numbers or the functions of the AVs

in the form of coefficients of variation, standard deviations, correlation coefficients, skewness and kurtosis,
whereas g, and g, are known scalars take the value (0, 1, -1) and (e, e, )are constants to be determined

such that MSE of the estimator t, is minimum and 7, is a constant to be determined such that MSE of t
is minimum.



In this paper we have suggested some classes of estimators for population mean Y of the SV y using
information on two AVs (X, z) and their properties are studied up to first order of approximation. Merits of
the proposed estimators are demonstrated through numerical illustration.

3. PROPOSED CLASS OF EXPONENTIAL-TYPE ESTIMATORS

When the non-response occurs on the SV y and on the AVs (x, z), we define the following exponential-type
estimators for population mean Y as
. ~—a,ha (X, - X ~—a,ha,lze -7
oo el ekl ]y
(2-a, )Ja, X +bx)+azx(axxSt +bx) (2-a,)a,Z +bz)+ozz(azzSI +bz)
where (a,a,,by,b,,a,,a,)are same constants as defined earlier and (h,,h,)are known constants take

value (0, 1, -1) to give unbiased, ratio-type and product-type exponential estimators.
Expressing (3.1) in terms of e’s we have

* -1 * -1
te =\7(1+ ea)exp N0 ()| oy e | exp —N,00:8 (| 230, & ¢ (3.2)
2 2 2 2
a, X a,Z
where v, =—2——and v, =—F—.
a, X +b, a,Z +b,

Expanding the right hand side, multiplying out and neglecting terms of e’s having power greater
than two we have

(hxaxux) * (hzazuz) * (hxaxux) (hzazuz) *

_1+e3— , e e = €08 — 5 el
t.=Y
* + (hxaxuxz‘r(hzazuz)e;e; + hx(hx +28)(axux)2 EIZ + hz (hz +28)(azuz )2 e;Z
or
e(’)‘ _ (hxaxux) I _ (hzazuz) Z _ (I’]xaxux)e;e;c _ (hzazuz )e;e;
(t,, —¥)=Y 2 2 2 2 (33)
* + (hxaxux )(hzazuz )e*e* + hx (hx + ZXaXUX )2 e*Z + hz (hz + 2Xa‘zuz )2 e*2
4 1%2 8 1 8 2

Taking expectation of both sides of (3.3) we get the bias of t,, to the first degree of approximation as
B(t )_ z hx (hx + 2Xaxux )ZVZ*OO + hz (hz + ZXaZUZ )ZVO*OZ + Z(hxaxux Xhzazuz )‘/1?)1
ae/ * * *
8 _4(hxaxux)‘/110_4(hzazuz)‘/011
Squaring both sides of (3.3) and neglecting terms of e’s having power greater than two we have

* h oL 2 * h a,v 2 * * * * *

2 o2 e02 + ( . Z X) el2 + ( : Z Z) e22 _(hxaxux)%el _(hzazuz )eoez
(tae _Y) =Y ) (3.5)
+ (thXUX )(hZaZUZ )

2

Taking expectation of both sides of (3.5) we get the MSE of t,, to the first degree of approximation as

(3.4)

&1,

« (h 2+ (n 2o . .
) Voo + wvzoo + %Vooz _(hxaxux )‘/110 - (hzazuz )‘/011

MSE(t, )=V (3.6)

h.a,0, \n,a,0,)
+( XX Xg 777 Z)V]_OJ_
Differentiating (3.6) partially with respect to ¢, , &, and equating to zero we have

(thx )‘/2*00 (thz )‘/131 :||:a><:| — |:2V110:| . (3_7)
(hyou Moy (0,0, Mooz L 22 Ny

After solving (3.7) for «, and «, we get the optimum values of ¢, and «, that minimizes the MSE of t,,

as



2(\/110\/0?)2 —Vo*llvlt)l) =

ax = * * * = axo (Say)
(h Uy )b/zoovooz —V1021 )
(3.8)
2(Vonvzoo —V101V110) (say)
z *2 ;0 y
(thz )(VzooVooz —Vi01 )
Thus the resulting minimum MSE of t,, is given by
—o|.,* Vooz — 2Vi10VorVaog +VoaV.
MSE,; (t.o )=Y{Vozo _6/110 002 110V011 10*12 011 200):| (3.9)
200V002 ~Vioi

Now we established the following theorem.
Theorem 3.1: To the first degree of approximation,

*2 * _ * * * *2 *
MSE(tae ) > Y_Z |:V0*20 _ <V110V002 2vllOVOllVlOl +V011V200 ):l

*
2
200V002 — V101

with equality holding if o, =aganda, =a,q .

For different values of constants (a,,a,,ay,a,,by,b,,h,,h, )alarge number of estimators can be generated
from the proposed class of exponential type estimators t,, at (3.1).

The biases and MSEs of the members of the proposed class of exponential type estimators t,, can be easily

obtained from (3.4) and (3.6) just by putting the suitable wvalues of the constants
(aX’aZ'aX7aZ’bX’bZ'hX7hZ)
Some members of the class of exponential-type estimators t,, are shown in Table 3.1.

Table 3.1: Some members of the proposed class of exponential-type estimatorst,,

. . . Product-cum product-type
Ratio-cum ratio-type exponential exponential estimators a b a b

estimators hy, =h, =1 ho —h —-1 X X z z X z

x|

. X — Xy " Xy
tae(l) =Y OXP| = _it tae(2) =Ygt EXP _it —
X+ Xy Xg + X

exp| =2 exp| 29
Z+1 Iy +Z
X — X Xy — X
tae(3) =Yt &XP| =/ o tae(4) =Y EXP| = jt*
X+ X +2py X+ X +2py
_ . . _ 1 pxy 1 pyz 1 1

exp _Z*_—ZSt exp #

Z+Z4+2py, Z+Z4+2py,

= Vg €XP X %y =y exp)— Ka X
fae(e) = Yt oy )7+ %)+ 2 faee) = X + Xy |+ 2
. o oy | 1 |o, | 1 | 1|1
exp O'_Z —Zgy exp o,\ly -2
o, \Z+75)+2 o,\Z+74)+2

Py X % Py -X)
ae(7) yst exp = _= [ (ae(8) — yst eXp [
P\ X +Xg |+ 2 prX+x +2

exp pyz_(Z _*25t> exp pyz_(zSt :Z)
Pyz iZ +Z i+ 2 Pyz iZ +Z 5+ 2

toeo) = Vo EXD X% = ¥y eXp X X
ae(9) st * ae(lO) st X 4 Xst +2C

exp Z-14 exp 24 ~Z
Z +174)+2C, Z +174)+2C,




For generalized family of ratio-cum-ratio-type exponential estimators shown in Table 3.1, we can give the
MSE expression in equation (3.6) as

— * 1 * 1 * * * 1 * -
Y 2(Vozo + szoo + ZVooz =Vigp =Vou + Evlolj = MSE(tae(l) );l =1

Vo - 1V L 1 Vo Vi v Vo
MSE(tae(i)): . 020+4Ux( 21} zoo+4v(21] 002 ~ X[ zlj 110 02[5] o1 . , (3.10)

ERETEE
2 2

and for generalized class of product-cum-product-type exponential estimators depicted in Table 3.1 ; the
MSE expression can be given as

— * 1 * l * * * 1 * .
Y Z(Vozo + szoo + Zvooz +Vi0 + Vo1 + Evlolj; i=2

« 1 « 1
MSE(tae(j)): Voo +Zuj(;-1)vzoo +ZU2[i ]Vooz +0 [J ) 3.11)

y? j=4,6810

where
X z
UX(]_) == and UZ(].) = _+p
Xy yz
o-X)? o,
1)) =—2 and v = = y
X275 X 41 @757+
X z
UX(S) = L and UZ(3) = L,
Py X +1 Pyl +1

X 7
o = e, M e ST
X z

3.1 Optimum n,, With Respect to Cost of The Survey

Let Cy,obe the cost per unit of selecting N, units at first attempt, Cy, be the cost per unit in enumerating
Ny Units and Cy,, be the cost per unit of enumerating r, units. Then the total cost for the nj, stratum is

given by
Ch = Chonh +Ch1nh(l) +Ch2rh Vh :1,2,..., L (312)
Now, the total expected cost per stratum of the survey is given by
Wh2)
E(Ch)= Ny | Co +CraWhey +Cha f : (3.13)
h

h 2) SUCh that Nh(l) + Nh(Z) = Nh'
h
Thus the total cost over all the strata is given by

Where Wh(l) = h) and Wh(Z) =

Whz)
Co = ZE Ch) Zn{cho +CrlWyy +Crz — (3.14)
h
Let us consider the function for the estimator t,
¢ =MSE(t,e )+ 1Co (3.15)
where  is Lagrangian multiplier.
We write



L W
— * * * * * * h(z)
¢= {Y 2(\/020 +H x2V200 +H 22V002 =2H, V349 - 2H,Viyy +2H,H zV101)Jr ﬂznh[cho +CpWha +Cha T ] } (3.16)
h=1 h

h h
where H, =—( XO;XUX)and H, :—( ZO;ZUZ).
We further let

St 5 s Sh Sun S
S +H22O 220 oy Mo, 2 oH H, 2 3.17
" [Yz sz Zzz XY ‘Nz XZ 3.17)
Sy Sz She Sh(2 Sy Syan(2
s M) 2 20E | 2700 oy T0@ oy M@ Loy H, 2@ | 3.18
@ {Y Xzt 72 XY YZ Xz (3.18)
Then we express the function ¢ as
1 1 (fh l)Nh(Z) Wi
p=Y2 ) Wy [___Jsh ———Sp) | T4 M| Cho + CrWigyy +Cho (3.19)
Z N, e ® ; o f,
D|fferent|at|ng (3.19) partially with respect to n,, and f,, and equating to zero, we have
0 W, W2
LA {Sh +(fp —1)Nh(2)3h(2)}+ﬂ Cho + CriWhay +Cha @ -0, (3.20)
anh nh fh
2
6¢ =2 Wy Wh(2) Wh(z)
=Y —=85,  —un,C =0. (3.21)
of, n, h@) —HMhen2 fhz
From equations (3.20) and (3.21), we have
_ W, S, +(f, -1 S
_y h\/ h (h )Nh(z) h(2) (3.22)
Wh(2)
\/; Cho + CriWhy +Ch2 f
h
and
_W, f,,./S
Ju =Y _hh T (3.23)

nh\/Ch(Z)

Inserting the value of \/; from equation (3.23) into the equation (3.22), we get

\/Ch(Z) (Sh _Wh(Z)Sh(Z))

fhiopty = (3.:24)
\/Sh(Z) (ChO +CpWh )
Putting from equation (3.24) into equation (3.22), we get the optimum value of n, as
7w \/BZ BhWh(2){/Ch2Sh(2)
hy/Bh T A
n, = (3.25)
> AWh2)/Ch2Sh
V| AL+ B
h

The \/; in terms of total cost C, can be obtained by putting the values of f,andn, from equations
(3.24) and (3.25) respectively into equation (3.14) as

- L
\/_ = CLOZWh (Ah B + Wy \/Chzsh(z) ) (3.26)
h=1

Substitution of (3.26) into (3.25) yields the optimum value of n, as



W\/Bz BhWh(Z)\/ChZSh(Z)
hy/Ph t

CO Ah
Mheopt) = ¢ (3.27)
th (Ah Bh +Wh(2) 'Chzsh(Z)) \/Aﬁ n AhWh(Z) wChZSh(Z)
h=1 Bh

The values of f, ) and ny ., can be computed from the expressions (3.24) and (3.27) for different values
of Wi Wnz)»Cho: Craand C, ).

3.2. Improved Class of Exponential Type Estimators on the Line of Searls (1964)

Following Searls (1964) we define the following class of estimators for the population mean Y as

R —a,h,a ( Xt >?) —Otzhzaz(i:t —Z_)
fse =2Ya &P (Z—ax)(axx +bx)+ ax(axi; +bx)}exp{(2—az)(azf+bz )+ a, (aj:t +bz) ’ (3.28)

where 77, is a suitably chosen constants that MSE of t, is minimum.

To the first degree of approximation the bias and MSE of t, are respectively given by

B(tse ) = Y_(772 - 1) + Bias(tae ) (3-29)
and
IVISE(tse ) = Y_Z (772 _1)2 + 7722 MSE(tae )+ 2Y_772 (’72 _1)Bias(tae ), (3-30)

where Bias(t,, )and MSE(t,, ) are respectively given by (3.4) and (3.6).
The MSE(t,, )at (3.30) is minimum when
Y (¥ + Bias(t,))
_ N (3.31)
T T MSE(t, )+ 2 Bias(t, )] 2™
Thus the resulting minimum MSE of t, is given by

V2(Y + Bias(t,, )
V2 + MSE(t,, )+ 2¥ Bias(t, )|

MSE i, (tse):Y_2 -
or
(1+ Bias_(tae)j2
Y
{1 MSE( ae) n 2 Bia_s(tae )}

Y? Y

Thus we state the following theorem.
Theorem 3.2- The MSE of the class of estimators tg, is greater than equal to MSE, (ts ) at (3.32) i.e.

{ MSEE ) ZBias(tae)}

Y Y

MSE in (tse )= Y 2| 1— (3.32)

MSE(te,)> Y %1~

(3.33)

with equality of holding
M2 =Ma(opty Where M2(opt) is given by (3.31).

A large number of improved estimators can be generated from the proposed class of exponential type
estimators t,, for appropriate values of the scalars (ay,a,,hy,h,,a,,a,,b,,b,). For example some

members of the class of exponential type estimators t., are shown in Table 3.2.

Table 3.2: Some members of the class of exponential type estimators t,

Ratio-cum-ratio-type Product-cum-product-type
exponential estimators exponential estimators a, b, a, b, a, | a, | 7,
h,=h, =1 h, =h, =—1




e te() 1 0 1 0 1 1| 7,
Lee(3) Lse(a) 1 | Py | L [ Pe| L | 1 | m
Lee(5) Lse(e) oy | 1 o, | 1 | 1|1 |m,
Lse(7) Lse(s) Py | 1 | Pe| 1 | 2 | 1 |,
Lse(9) Lse(10) 1 |G| 1 | Cl1 |1,

The minimum MSE of the ratio-cum-ratio-type exponential and product-cum-product-type exponential
estimators given in Table 3.2 can be given using equation (3.32) as

[1+ Bias(_tae(i) )Jz
Y

MSE ()= V7| 1- {1+ el ) 2B )} (3:34)
Y2 Y

fori=1,3,5,7,9;
(1+ Bia\s(ﬂa‘e(j))J2

MSE rin <tse(j)>=\72 1- ! (3.35)

L MSE (t( j>)+ 2 Bias_(tae( N
y? Y

for j=2,4,6,8,10.
3.3. Mathematical Efficiency Comparison
For the purpose of comparison of the suggested estimators with stratified sample mean estimator

L
7; = ZWh V; , ratio-cum-ratio-type exponential estimator t ), we consider the following notations:
h=1

2

2

6, = %02 [i—leZ*OO N %Uf[H]VoBz v [i_ljvl’;o v (i_ljvo*n " %Ux[‘—ljvz(i—ljvlgl i=3579
2

X
2 2

01_ _ % Uf [;_1]\/2*00 + %UZZ[ % —leO*OZ - Ux(;_lj\/;;o - UZ (;_ljvo*ll + %Ux(;_ljuz( % _1)

Viog | j = 2,4,6,810
1 * 1 * * * 1 *
By = =Va00 +—Vaoz —Vi1o —Vois +=Vios-
le 4 200 4 002 110 011 2 101
e  From (3.10) we have that
MSE (t,e(ry )< MSEtae ) i
6, < By, (3.36)
Further let us designate
B, = (Voozvlzzo +V2*00V0*121 - 2V1§)1V(;11V1*10)
(VzooVooz - 1021 )
. 2
{1+ Blas(_tae(i))}
Y
' {1+ MSE(tae(i))+ ZBias_(tae(i))}

Y? Y
e  Also from (3.10) we have that
MSE ({1 )< MSE (75, ) if
6 <0 (3.37)
e  From (3.9) we have that



MSE i (te )< MSE(Y ) if
B, >0 (3.38)

which is always true
. From (3.9) we have that
MSE i (tze ) < MSE(tye ) ie. if

B, > (%Vz*oo + %V&)z ~Vi1o —Vou + %Vlt)lj (3:39)
e  From (3.34) we have that

MSE i (te(iy ) < MSE (75 ) if

Vo )< C, (3.40)
e  From (3.34) we have that

MSE in (tseqiy ) < MSE (tae ) if

Ci> {1— (Vozo + szoo + ZVooz —Vio —Vour + Evlolﬂ (3.41)

e  From (3.9) and (3.34) we have that
MSEmin (tse(i) ) < IV|SEmin (tae) if

Ci > [+ B, ~Viso) (3.42)
The MSEs of tg; and t,, to the first degree of approximation is given by

MSE(tsl): v? b/o*zo +V2*00 +V&)2 - 2V£o - 2Vo*11 + 2V1T)1J (3.43)
MSE(t,,)=Y? [V(;zo +Va00 +Vooz + 2Vi10 + Nong + 2V1:)1J (3.44)

To the first degree of approximation, the minimum MSEs of the estimators t, and t, are respectively given
by

* * * *2 * * *
MSE, ;. (ta ) _y?2 V(;zo _ 6/002V110 +Va00Voi1 = 2VigVo11Vaio )} (3.45)

* * *2
L (VzooVooz —Vin )

= MS_Emin (tae)

. 2
[1+ Bla;(ta)j
—v2l1_
MSEqn (t,)=V"| 1 { MSE(t, ) 2Bias(ta)} (3.46)
I+——"+ —
Y Y

where bias and MSE of t, to the first degree of approximation is
« 0,0, +1 i i ~ 0,00, +1 i
B(ta): |:(gxaxvx V1o + %af‘ﬁvzco -(9,2,0, Moy + (gxaxe ngazuz Miog + %afufvooz}

MSE(ta ) _ Y_2 |:V0220 + (g x@xUx )ZVZ*OO +Eg 1%, 0,; )ZV(;:)Z - 2(9 x@xVx )‘/110 - 2(9 %70, )‘/O*ll] )

+ 2(9 xXxUx )(g %70, )‘/101
From (3.10) and (3.43) we have
MSE (t,eq) )< MSE(ty, ) if

3 * * * * *

Z(Vzoo +Vooz + 2V101)< 6/110 +V011)
ie. if — Vi fv‘m) .3 (3.47)
(Vzoo +Vooz +2Vig; ) 4
Also MSE(te,) )< MSE(t, ) if

* 1 * 1 * * * 1 * * * * * * *
[Vozo + szoo + Zvooz +Vi10 + Vo1 + EVlOlj < (Vozo +Vo00 +Vooz + V110 + 2Vo11 + 2\/101)
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ie. if — Vi fVOH) .3 (3.48)
Vaoo +Vooz +2Vim ) 4

From (3.32) and (3.46) we have

MSEmin (tse )< I\/ISEmin (ts) if

- < :
s MS_E(ta)+ 2Bias(t,) s MSE(tae)+ 2Bias(t,,)
Y2 Y Y2 \

(3.49)

3.4. A More General Class of Estimators

We define a class of estimators for population mean Y of the SV y using auxiliary information on (x, z) in
presence of non-response on all the variables (y, X, z) under stratified random sampling as

. { a, X +b, FX{ a,Z +h, }gz
o ! ax(axi; +bx)+ (-a, Na, X +b,) az(aZit +b, J+ (-, fa,Z +b,)
(mmp) = Vst P =
+17, exp{ _*_axhxax(xst _X) _ }exp{ _*_azhzaz(zst _Z) _ }
alag®g +by J+ (2-ay Na X +by) @25 +b, )+ (2-a, Na,Z +b,)
where (g, 9,,ay,@,,hy,h,,a,,a,,b,,b, ) are same constants defined earlier and (r7;,7, ) are scalars such that
MSE of t,, ,,)is minimum.

. (3.50)

Expressing (3.50) in terms of e’s we have

* -1
* -0y %0, -h e *
771(1+axuxel) g (1+azuze2) g +1, exp{ xIxOE (l+ PxUx elj }

2
—h,a,v,e, a,0 N
exp %2252 1+ zze;
2 2

We assume that

A 3.51
) =Y (1+ €o ( )

azUze;‘<l, so that we may expand the series, (1+ axuxef)‘gx and

axuxef‘ <land

(1+ azuze;)_g‘ . Now expanding right hand side of (3.51), multiplying out and neglecting terms of e’s
having power greater than two we have
1+e;_(gxaxux)ez_(gzazuz)e;_(gxaxux)esez_(gzazuz)eae;+

x(gx +1)(axux)2 e*Z + gz(gz +1Xazuz )2 e*Z
2 ' 2 2

Ui

(g XaXUX XgZaZUZ k;e; + g

(t(m”h) -y ) 1+ e(’; _ (hxaxux ) 91* _ (hzazuz ) e; _ (hxaxux ) eaef _ (hzazUz ) e(‘;e; +
2 2 2 2
+ -1
: (hxaxux )(hzazvz )e*e* + hx (hx + 2)(Ofxux )2 e*Z + hz (hz + 2)(05202 )2 e*z
4 1%2 8 1 8 2

(3.52)

11
—<

Taking expectation of both sides of (3.52) we get the bias of t(, , yto the firs_t degree of approximation as

1- (g x&xUx )‘/110 - (gzazuz )‘/0*11 + (g x&xUx )(g 10,0, )‘/131
n n gx(gx +1X0‘xux)2 VZ*OO i gz(gz +1)(azuz )2 VO’BZ
| 2 2 . (3.53)
B(t('hvﬂz)):Y heay )« (hya,u,),+  (hao Nh,a,0,), -
5 Vi — Vo + 4 Vior

+17 -1

+ hx (hx + 2)(0!xe )2 VZBO + hz (hz + 2)(0(21)2 )2 VOT)Z

8 8
Squaring both sides of (3.52) and neglecting terms of e’s having power greater than two we have

L
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1+ 293 - z(gxax')x )ef - 2(91‘7‘2”2 )e; + 932 + gx(29x +l)(ax'~)x )Zefz
1+7712 + gz(zgz +1)(05202 )2922 —4(gxax0x)9;91* _4(92052”2 )9392 +
4(gxaxux )(g 17U, )e;e;

2
14265 — (g o (e, o o7 + et oo
2
e M0t DL oo 1, e - 2o, e +

(thXUX XhZaZUZ k;e;

1+2€; _ (29x + I’]Zx)(‘)‘xux)e]’-k _ (Zgz + hzz )(azuz)
(Zgz + hz Xazuz)e;e; + (29x +hx)(292 +hz Xaxux)(azuz)
2 4
+ (29x +hx)(29x +hx +2)(ax'-)x)2 eI‘Z + (292 +hz XZQZ +hz +2Xaxux)2 e;z
8 8
1+e; 7(gxaxux)ef 7(92“2”2 )e; 7(gxaxux )e;e; 7(92“2')1 )e;e; +
9,(9, +1) 9.(9,+1)
2 2

o) e - wege;

* x

€€

RV
(t<m>—Y) =Y7| +2mmp—

—2m x * x
(gxaxuxxgzazuz )'3152 + (Otxux)zel2 + (azuz )2822

(3.54)

epey +

1+€; _ (hxaxux)e; _ (hzazuz )e; _ (hxaxux)e;e; _ (hzazuz)
2 2 2 2

—2n, (

hxaxux Axlhzazuz )eIez + hx (hg + 2) (axe )2 6;2 + hz (hg + 2) (azuz )2 e;z

L ]
Taking expectation of both sides of (3.54), we get the MSE of t(, , yto the first degree of approximation as

MSE t(, )=V 2L+ 72 Ay +173 Ay + 20, Ay — 27 Ay — 2, A |, (3.55)
where

_ 1+V0*20 + (axux )2 gx<29x +l)‘/27)0 + (azvz )2 g, (292 +1)‘/Ot)2 - 4(9 x@xUx )‘/110 - 4(9 10V, )‘/Oill_
+4(gxaxux ngazuz )‘/131 i

* 2h h, +1) 2h h, +1). « * *
A, = 1+Vogo + (@) ZX( - )Vzoo + (@w,) 22( : )Vooz = 2(hya,0, Nigo — 2y et,0, Moy
+(hxaxux )(hzazuz )‘/131 i
A3 1+V0*20 + (29x + hx )(ng ;‘ hx +2)(Uxax )2 VZ*OO + (292 + hz )(Zgz ;’hz + 2)(”2“2 )2 VO*OZ
_ (ng + hx)(l)xax)v* _ (Zgz + hz )(Uzaz )V* + (ng + hx)(292 + hz )(Uxax)(l)zaz )V*
2 110 2 011 4 101

i * * * 2 +1). « 1

1‘(9xax0x )‘/110 _(gzazuz )‘/011 + (gxaxe )(Q 197V, )‘/101 +wvmo
A4 =

+ (azuz )2 gz(gz +1)V*

| 2 002 |
_1_ (hxazxux )Vl*lo _ (hzazuz )Vo*n + (hxaxvx zl(hzazuz )Vlzl + (axe )2 hy (hx + 2)\/2*00_

% =
(azvz )2 hz (hz + 2) *
+f\/002
The MSE(t(,MZ)) at (3.55) is minimized for
AA, — A
:( 22 3'2%):7710 (say)
AR, - A3 (3.56)
n, = (A1A5 — A3A4) =n (Say) , .
2 A1A2 B A32 20

Thus the resulting minimum MSE of t, . \is given by
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2 2

MSE i (5, >)=Y"{1— oA (Rl A )} (357)
(A - A

Putting (3.56) in (3.53) we get the resulting bias of t, , )as

T (aA2-2AAA + AlASZ):l

Byt =-Y|1-2 (3.58)
0(('111772)) l: (Ala — Qz)

From (3.57) and (3.58) it follows that

RMSE iy (t.,1)= mEm\'?”—W - ARB,

\-[oltn) _{1_ (A2 -2 +A1Aé)] 359)

| v 2 '
Y ey

where RMSE(.) and ARB,(.) stand for minimum relative MSE of (.) and absolute relative bias (.) at optimum

conditions respectively.
Now we state the following theorem.
Theorem 3.3- The MSE of (t(,h,,h)) is greater than equal to the MSE_;, (t(,h,,h)) ie.

(A2A3—2A3A4A5+A1A§)}
MSEt >1-
((771,772))>{ (AlAQ—Agz)

with equality 7, =10, 75 = 110-
where (171,750 ) are optimum values of (r7;,7, ) given by (3.56).

3.5. Efficiency Comparison
From (3.9) and (3.32) we have

2
MSE(t, )+Y B(t
MSE(L ) MSE 1, ) - - 15E )+ Bl )
V2 + MSE(t,, )+ 2V B(t ae)j
It follows from (3.60) that the t,, -family of estimators is more efficient than the t,, -family of estimators.

From (3.32) and (3.57) we have

MSE i (ts )~ MSE i ()= /532:22 ASASS)) (3.61)

It follows that the proposed t, , )-family of estimators is more efficient than t,, -family of estimators.

(3.60)

From (3.46) we have

[sE(t,)+V BL)F
& +MSE(a)+2Y B(a)J‘0 (3.62)

It follows from (3.62) that the proposed t, -family is better than the t, -family of estimators due to Saleem

et al (2018).
From (3.46) and (3.57)

YA - AA)
MSEmln( ) MSEI’T]II’]((Ih?]Z)) Al(AlAz As) (3.63)

It follows that the suggested t,, , )-family of estimators is better than the t, -family of estimators due to

Saleem et al (2018).
From (3.60), (3.61), (3.62) and 13.63) we have the inequalities:

MSE(t, ) MSE i (t, )=

MSE (toe )< MSE iy (e ) < MSE . ,.) (3.64)
and
MSE(t, )< MSE i, (t, ) < MSE(t, ,.)) (3.65)

It follows from (3.64) and (3.65) that the proposed t, , )-family of estimators is more efficient than the
suggested (t,e,t )-families of estimators and the (t,,t, )-families of estimators due to Saleem et al (2018).

4. NUMERICAL ILLUSTRATION

For numerical illustration we consider a data set [Source: Koyuncu and Kadilar (2009)], in which

13



y: Number of teachers; x: number of students and

z: number of classes in primary and secondary schools for 923 districts and 6 regions in Turkey in 2007.
1

Stratum (h) 2 3 4 5 6
N h 127 117 103 170 205 201
ny 31 21 29 38 22 39
g n'y 70 50 75 95 70 90
% é Syh 883.84 644.92 1033.40 810.58 403.65 711.72
g % Sy 30486.70 | 15180.77 | 27549.69 | 18218.93 | 8497.77 | 23094.14
é g Szh 555.58 365.46 612.95 458.03 260.85 397.05
g % Y_h 703.74 413.00 573.17 424.66 267.03 393.84
E § )?h 20804.59 | 9211.79 | 14309.30 | 9478.85 | 5569.95 | 12997.59
% -t% Z_h 498.28 318.33 431.36 311.32 227.20 313.71
& Pyxh 0.94 1.00 0.99 0.98 0.99 0.97
Pxzh 0.94 0.97 0.98 0.96 0.97 1.00
Pyzh 0.98 0.98 0.98 0.98 0.96 0.98
S yh(2) 510.57 386.77 1872.88 1603.30 264.19 497.84
g S xh(2) 9446.93 9198.29 | 52429.99 | 34794.90 | 4972.56 | 12485.10
T§T % Sa2) 303.92 27851 960.71 821.29 | 190.85 | 287.99
= Z% Pyxh(2) 1.00 1.00 1.00 0.97 1.00 0.93
Pxzh(2) 0.99 0.99 1.00 0.96 0.99 0.98
Pyzh(2) 0.99 0.99 1.00 0.99 0.99 0.96
S yh(2) 396.77 406.15 1654.40 | 1333.35 | 335.83 903.91
3 S xh(2) 7439.16 | 8880.46 | 45784.78 | 29219.30 | 6540.43 | 28411.44
:I%T ué’; Szh(2) 244,56 274.42 965.42 680.28 214.49 469.86
= é Pyxnh(2) 1.00 0.99 1.00 0.98 1.00 0.99
Pxzh(2) 0.99 0.99 0.98 0.96 0.98 0.98
Pyzn(2) 0.99 0.98 0.98 0.99 0.98 0.99
S yh(2) 500.26 356.95 1383.70 | 1193.47 | 289.41 825.24
@ S xh(2) 14017.99 | 7812.00 | 38379.77 | 26090.60 | 5611.32 | 24571.95
%’ % S 284.44 247.63 811.21 631.28 | 188.30 | 437.90
= é Pyxh(2) 0.96 0.99 1.00 0.98 1.00 0.97
Pxzh(2) 0.91 0.98 0.98 0.97 0.98 0.96
Pyzh(2) 0.97 0.98 0.98 0.99 0.98 0.98

Table 4.1: PRE of estimators for three different cases

Estimators | W, =10% non-response | W,, = 20% non-response | W,, = 30% non-response
te 2585.74 2797.02 2754.44
e 1868.39 1930.19 1984.82
L) 28.40 28.33 28.41

Table 4.2: PRE of the proposed estimator when W, =10% non-response for different values of the

constants (g, 9,, @y, @;,hy,h,,a,,a,,b,,b,).

(o] g |a]a[nh[h]a]a]

b | b, | Pre |
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-05 | -05 | 04 1 1 1 1 1 1 1 2765.53
-05 | -05 | 0.2 1 1 1 1 1 1 1 2780.23
-05 | -0.5 | 0.25 1 1 1 1 1 1 1 2811.40
-05 | -05 | 03 1 1 1 1 1 1 1 2815.24
-06 | -0.6 | 1.25 1 1 1 1 1 1 1 2906.22
-06 | -06 | 13 1 1 1 1 1 1 1 3266.09
-06 | -06 | 14 1 1 1 1 1 1 1 4341.51
-0.7 | -0.7 | 1.2 1 1 1 1 1 1 1 4874.14
-08 | -08 | 11 1 1 1 1 1 1 1 5354.84
-06 | -0.6 | 15 1 1 1 1 1 1 1 6497.11
-06 | -06 | 1.6 1 1 1 1 1 1 1 13105.78
-0.7 | -0.7 | 13 1 1 1 1 1 1 1 15251.2

Table 4.3: PRE of the suggested estimator t, , y when W, =20% non-response for different values
of the constants (g,,g,,a,,@,,h.h,,a,,a,,b,,b,).

Ox g; Oy o, hx hz ay a, bx bz PRE

-05 ] -05] 04 1 1 1 1 1 1 1 2822.13
-0.5 ] -05 ] 02 1 1 1 1 1 1 1 2832.26
-0.5 | -0.5 | 0.25 1 1 1 1 1 1 1 2863.72
-05 | -05 ] 03 1 1 1 1 1 1 1 2868.6
-06 | -0.6 | 1.25 1 1 1 1 1 1 1 3115.53
-06 | -06 | 13 1 1 1 1 1 1 1 3549.77
-06 | -06 | 14 1 1 1 1 1 1 1 4927.21
-0.7 1 -0.7 ] 12 1 1 1 1 1 1 1 5522.1
-08 | -08 | 11 1 1 1 1 1 1 1 6110.36
-06 | -06 | 15 1 1 1 1 1 1 1 8110.65
-06 | -06 | 16 1 1 1 1 1 1 1 23771.7
-0.7 1 -0.7 ] 13 1 1 1 1 1 1 1 25936.9

Table 4.4: PRE of the suggested estimator o) when W, =30% non-response for different values
of the constants (g, 9,,a,,@,,h.h,,a,,a,,b,,b,).

Ox 9; Oy o, hx hz ay a, bx bz PRE
-05 | -05 | 0.2 1 1 1 1 1 1 1 2990.23
-05 | -05 | 04 1 1 1 1 1 1 1 3036.49
-0.5 | -0.5 | 0.25 1 1 1 1 1 1 1 3047.62
-05 | -05 | 03 1 1 1 1 1 1 1 3069.89
-0.6 | -06 | 1.25 1 1 1 1 1 1 1 3236.24
-06 | -06 | 13 1 1 1 1 1 1 1 3701.08
-06 | -06 | 14 1 1 1 1 1 1 1 5200.57
-0.7 | -0.7 | 1.2 1 1 1 1 1 1 1 5735.12
-08 | -08 | 11 1 1 1 1 1 1 1 6241.62
-06 | -06 | 15 1 1 1 1 1 1 1 8820.07
-0.7 | -0.7 | 13 1 1 1 1 1 1 1 30438.6
-06 | -06 | 1.6 1 1 1 1 1 1 1 30502.33

Table 4.1 gives PRE of t,,,ty) and ty ) under three different cases (non-response 10%, 20%, 30%)

respectively.

Table 4.2 — 4.4 gives PREs of t(, , under different cases of non-response that are 10%, 20%, 30%
respectively for different values of the constants (gx, g9,.a,,a,,h.,h,,a,.a,,b, ,bz).

From Tables 4.1 to 4.4, it is clearly seen that the proposed class of estimators performs very well and gives
too high PREs as compared with t,. ,t,eq) and tu ) under all the three cases which are 10%, 20%, 30%
non-response respectively for different values of the constants (g,,9,,ay,a,,hy,h,,a,,a,,b,,b,). Itisalso

advantageous that there are 10 constants and each constant has a wide range itself. So one can choose too
many different combinations and attain higher values of PRE. These estimators are reliable in practice so
we recommend them for their practical use.

5. CONCLUSION

In this article, we have addressed the problem of estimating the population mean using auxiliary information
in presence of non-response on both study variable as well auxiliary variables under stratified random
sampling. We have proposed class of exponential-type estimators, improved class of exponential-type
estimators and a more general class of estimators for population mean in the presence of non-response in
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stratified random sampling. Properties of the estimators were studied up to first degree of approximation.
Some members of the proposed class of exponential-type estimators t,, and t, are also given. Expressions

for the optimum sample sizes of the strata in respect to cost of the survey have been also derived. We have
proved that the proposed ) -family of estimators is more adequate than the suggested (tae ,tse) -families

of estimators and the (t,,t,)-families of estimators due to Saleem et al (2018). Numerical illustration is

also carried out to support the theoretical findings. From the entire discussions we conclude that these
estimators are reliable in practice so we recommend them for their practical use.
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