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ABSTRACT

DNA microarray data for cancer are datasets that originate from the use of DNA microarray technology in the classification
of cancer tumors. These sets constitute a very complex classification problem for supervised and unsupervised data
modeling. Due to their high dimensions in the number of columns, DNA microarray data in cancer constitute a Column
Subset Selection Problem. This problem is closely related to the restricted CUR matrix decomposition. In this work we
propose the restricted CUR matrix decomposition as a multivariate filter method. To do this, we consider the Frobenius

norm relative error 6 = "A”_ACﬁX"F as a finite succession in function of the number of columns selected for n x p with n < p
F
matrix A. Based on this result, we propose two algorithms that select a columns subset in such a way that 8 = ”Au_:‘iX”F i
F

as small as possible. We applied the proposed algorithms to six cancer DNA microarray datasets. The subsets selected by
these algorithms are used as predictors to train the C4.5, NB and SVM classifiers, respectively. Using the 5-field cross-
validation resampling technique, accuracy measure is calculated for these three classifiers. Finally, the results obtained are
compared with the results found in the literature using Friedman's non-parametric test, concluding that these results are
similar.

KEYWORDS: DNA microarray data, columns subset selection problems, multivariate filter method, restricted CUR
matrix decomposition, Frobenius norm relative error.
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RESUMEN

Los datos de microarreglos de ADN para el cancer son conjuntos que se originan por la utilizacién de la tecnologia de
microarreglos de ADN en la clasificacion de tumores cancerigenos. Estos conjuntos constituyen un problema de
clasificacion muy complejo ante la modelacién supervisada y no supervisada de datos. Debido a su alta dimensién en el
nimero de columnas, los datos de microarreglos de ADN para el cancer constituyen un Problema de Seleccién de
Subconjunto de Columnas. Este problema estd estrechamente relacionado con la descomposicién matricial CUR

restringida. En este trabajo proponemos la descomposicién matricial CUR restringida como un método de filtro

. . . . . _ llA-CXIlg P
multivariado. Para ello, consideramos el error relativo de la norma de Frobenius 6 = Tl como una sucesion finita en
funcién del nimero de columnas seleccionadas para una matriz A de orden n X p conn <« p. A partir de este resultado
proponemos dos algoritmos que buscan seleccionar un subconjunto de columnas de manera que el error relativo de la
norma de Frobenius sea lo mas pequefio posible. Aplicamos los algoritmos propuestos a seis conjuntos de datos de
microarreglos de ADN para el cancer. Los subconjuntos seleccionados por estos algoritmos son empleados como
predictores para entrenar los clasificadores C4.5, NB y SVM, respectivamente. Usando la técnica de remuestreo por
validacion cruzada 5 campos, se calcula la medida de exactitud en estos tres clasificadores. Finalmente, los resultados
obtenidos son comparados con los resultados que se encuentran en la literatura utilizando la prueba no paramétrica de
Friedman, concluyendo que estos resultados son similares.

PALABRAS CLAVES: datos de microarreglos de ADN, problema de seleccién de subconjunto de columnas, método de
filtro multivariado, descomposicién matricial CUR restringida, error relativo de la norma de Frobenius.

1. INTRODUCTION

DNA microarray technology traces its origins to the Southern Blot (Southern, E. M., 1975), a foundational
technique in molecular biology, and enables the simultaneous assessment of thousands of gene expressions
on a solid surface (Heller, M. J., 2002). This analytical process comprises three key phases: (i) microarray
fabrication; (ii) sample processing; and (iii) data interpretation (Ramirez-Salcedo, J. et al., 2014).

Despite their historical significance in functional genomics, DNA microarrays face persistent
reproducibility challenges that limit their reliability in clinical and research settings (Tarca, A. L. et al.,
2006). Reproducibility varies depending on the technological platform and experimental conditions. For
technical replicates, oligonucleotide-based platforms such as Affymetrix and Agilent demonstrate high
consistency, with correlation coefficients exceeding 0.9 (Bakay, M. et al., 2002). However, when
comparing results across different versions of the same platform, such as Affymetrix HG95Av2 vs.
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Affymetrix HG133, studies reveal significantly reduced correlations due to differences in probe sets
targeting the same genes (Bammler, T. et al., 2005). cDNA microarrays exhibit even greater technical
variability, with correlation coefficients ranging from 0.5 to 0.95, largely attributed to probe-printing
inconsistencies (Jenssen, T. K. et al., 2002).

Cross-platform reproducibility remains a critical challenge, as highlighted by studies such as (Bammler, T.
et al., 2005; Jarvinen, A. K. et al., 2004; Carter, S. L. et al., 2005). A primary issue involves low-expression
genes: Affymetrix and cDNA microarrays show poor concordance for these genes (Carter, S. L. et al.,
2005). To address this, studies like Draghici, S. et al. (2006) excluded low-expression genes, improving
cross-platform correlations. A second challenge concerns differentially expressed genes: platforms share
only 10-30% of such genes, as demonstrated by Bammler, T. et al. (2005).

Applications of DNA microarrays include gene discovery, disease diagnosis, drug development, and
toxicological research (Bednar M., 2000). In oncology, these tools generate datasets (DNA microarray data)
for tumor classification (Heller, M. J., 2002), posing a complex challenge in supervised and unsupervised
learning models (Wang, N. N., 2009). This complexity arises from the imbalance between the low sample
size (tens to hundreds) and high dimensionality (thousands to tens of thousands of gene expression levels),
a phenomenon termed the "large p small n problem" (Johnstone, I. and Titterington, D., 2009; Bolon-
Canedo, V. et al., 2014).

The presence of the “large p small n”” problem in these datasets makes DNA microarray data for cancer a
Feature Subset Selection Problem (FSSP) (Inza, 1. et al., 2004). For that reason, the search for the feature
subset is performed through feature selection methods (Hambali, M. A. et al., 2020). These methods seek
to obtain a simple mathematical model, easy to interpret and with high prediction in classification. To this
end, feature selection methods work by eliminating from the selection process those features that are
irrelevant and redundant (Li, J. et al., 2017).

On the other hand, the “large p small n” problem brings with it a high correlation among the levels of gene
expressions (Gui, J. et al., 2010). This redundancy in gene expression levels makes it difficult to obtain a
highly predictive and generalizable classification model (Boulesteix, A. L. and Strimmer, K., 2007). In that
sense, feature extraction methods play a fundamental role in dimension reduction (Jolliffe, 1. T., 2002).
These methods seek to transform data from a high-dimensional space to a low-dimensional space by
constructing new variables (Carreira-Perpinan, M. A., 1997). These new variables are called latent
variables. Based on the construction of the latent variables, the feature extraction methods are classified as
linear and non-linear, and depending on the use of the response variable, supervised and unsupervised (Hira,
Z. M. and Gillies, D. F., 2015).

Deep learning emerges as a promising solution for high-dimensional problems in this domain (Hira, Z. M.
and Gillies, D. F., 2015; Cleofas-Sanchez, L. et al., 2019; Geman, O. et al., 2016). Architectures such as
recurrent neural networks (RNNs) (Medsker, L. R. and Jain, L., 2001) have demonstrated the ability to
extract non-linear hierarchical patterns, outperforming traditional methods like SVM or KNN in accuracy
(LeCun, Y. et al., 2015). For instance, Chen, D. et al. (2017) implemented an innovative approach using
RNNSs to differentiate between benign and malignant breast tumors. Their methodology integrated four
recurrent neural networks dedicated to extracting clinical patterns, culminating in a fifth RNN specialized
for the classification stage. Similarly, Abdel-Zaher, A. M. and Eldeib, A. M. (2016) designed an automated
early breast cancer detection system, combining deep belief networks (DBNs) for initial training and
backpropagation neural networks to optimize results.

In the context of genomic datasets with class imbalance, Reyes-Nava, A. et al. (2019) proposed a deep
learning-based multi-layer perceptron (DL-MLP), specifically adapted to address heterogeneity in gene
expression microarrays. Complementing these advances, Viloria, A. et al. (2020) evaluated the
performance of MLP classifiers in complex environments characterized by high dimensionality, limited
samples, and imbalanced distributions, demonstrating their applicability in precision genomics studies. For
further details, it is recommended to consult (Hambali, M. A. et al., 2020).

Another way to reduce the dimension in these data sets is low-rank matrix approximation methods (Kishore
Kumar, N. and Schneider, J., 2017). These methods seek to approximate a matrix A of order m x n by
another matrix of lower rank k <« min{m, n} in order to obtain a more compact representation of the data
with the least loss of information (Drineas, P. and Mahoney, M.W., 2016). The Singular Value
Decomposition (SVD) is the most common for these purposes, since it provides the best approximation of
rank k to A (Mahoney, M. W., 2011). However, this decomposition projects the matrix A onto the first k
left or right singular vectors; which makes these vectors very difficult to interpret as they are linear
combinations of the data (Kuruvilla, F. G. et al., 2002). Given this situation, more efficient low-rank matrix
approximation techniques have been developed, such as CUR matrix decomposition (Mahoney, M. W. and
Drineas, P., 2009).

The CUR matrix decomposition allows obtaining low-rank matrix approximations for a matrix A through
the product of three matrices C, U and R. The matrices € and R contain some columns and rows of 4,
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respectively; while U is a matrix that is carefully constructed in a way that guarantees this approximation
(Benjamin Erichson, N. et al., 2018). To this end, this decomposition expresses the data in terms of a small
number of columns and/or rows, which makes it easier to interpret (Mahoney, M. W. and Drineas, P., 2009).
However, in the context of DNA microarray data for cancer, CUR matrix decomposition cannot be used
because this kind of data constitutes a Column Subset Selection Problem (CSSP) (Mahoney, M. W. and
Drineas, P., 2009; Bodor, A. et al., 2012; Rodriguez, Y. E. T., 2023). In this context, the subset of columns
is the matrix C. This matrix is formed by the selection of k columns of a m X n matrix A of order such that

the residual [|A — P;All is minimum for all the possible choices (2) of C. Where P, = CC* denotes the

projection onto the k-dimensional space generated by the columns of C, C* is the Moore-Penrose
pseudoinverse of the matrix C and ||-|| - denotes the Frobenius norm (Boutsidis, C., 2011).

This CSSP is closely related to the restricted CUR matrix decomposition (Boutsidis, C. et al., 2008b,
Boutsidis, C. et al., 2009). This decomposition allows the matrix A to be approximated by the product of
two matrices C and X, where C contains some columns of the matrix 4, and X = C* - A so that the residual
[|[A—C-X|lp is minimum. In this case the matrix C forms the subset of columns and P.A=C-X
(Mahoney, M. W. and Drineas, P., 2009).

Different types of restricted CUR matrix decompositions have been proposed in the scientific literature
(Drineas, P. et al., 2006a; Drineas, P. et al., 2006b; Boutsidis, C. et al., 2008; Drineas, P et al., 2008;
Boutsidis, C. et al., 2009; Mahoney, M. W. and Drineas, P., 2009; Boutsidis, C., 2011; Papailiopoulos, D.
etal., 2014; Yang, J. et al., 2015). These decompositions differ in the criteria for choosing the columns that
form the matrix C and in the error rates obtained (Boutsidis, C. et al., 2008a; Boutsidis, C et al., 2008b;
Boutsidis, C. et al., 2009; Avron, H. and Boutsidis, C., 2013; Papailiopoulos, D. et al., 2014; Boutsidis, C.
and Woodruff, D. P., 2014; Belhadji, A. et al., 2020).

In the framework of DNA microarray data for cancer, this decomposition has been applied in:

e |n 2008 Boutsidis et al. published “Unsupervised Feature Selection for Principal Components
Analysis” (Boutsidis, C. et al., 2008b). The authors presented a restricted CUR matrix
decomposition whose criterion for choosing the columns that form the matrix C is through a novel
hybrid algorithm that works in two stages. From a theoretical point of view, their algorithm
significantly improved the exact selection of k columns over existing algorithms for small to
moderate values of k. They evaluated this algorithm in the area of genetics, in which they analyzed
a matrix of order 90x2000000 that corresponded to 90 individuals from two Asian populations and
2000000 Simple Nucleotide Polymorphisms (SNPs) (The International HapMap Consortium, 2005).
This dataset, derived from cDNA microarray technology, was also analyzed in (Drineas, P. et al.,
2008).

e In Drineas, P. et al., 2008, the authors propose a restricted CUR matrix decomposition whose
criterion for choosing the columns that form the matrix C follows an empirical sampling
distribution. To build the matrix C, they created an algorithm that takes as input any m x n matrix
A, a rank parameter k and an error parameter €. The matrix X is calculated by the matrix product
between C*tand A, with C* being the Moore-Penrose pseudoinverse of the matrix C. They comment
that the algorithm to calculate the matrix C is the first to have polynomial time with theoretical
guarantees on the approximation error.

e |n 2009, Mahoney and Drineas (2009) proposed a restricted CUR matrix decomposition whose
criterion for choosing the columns that form the matrix C consists of a normalized importance factor.

This importance factor is defined by m; =% ’i‘zl(v})z,Vj =1,...,n where v} is the j-th
component of the i-th right singular vector of A. To build the matrix C, the authors created the
ColumnSelect algorithm that takes as input any m x n matrix A, a rank parameter k and an error
parameter €. The matrix X is calculated by the matrix product between C*and A, with C* being the
Moore-Penrose pseudoinverse of the matrix C. Finally, they applied this algorithm to a DNA
microarray dataset of soft tissue tumors. This set contained 5520 rows and 31 columns represented
by genes and samples, respectively. The columns were divided by three groups, represented by
gastrointestinal stromal tumor (GIST), leiomyosarcoma (LEIO) and synovial sarcoma (SARC).

e In 2012, the restricted CUR matrix decomposition proposed by Mahoney and Drineas (2009) is
implemented in the rCUR package (Bodor, A. and Solymosi, N., 2012) of the R software. In this
package the ColumnSelect algorithm is programmed and four more variants derived from it. In
Bodor, A. et al., 2012, the authors show the use of the rCUR package in feature selection choosing
the first 27 genes with highest importance factors from the DNA microarray dataset of soft tissue
tumors (Nielsen, T. et al., 2002).

o In 2023, the restricted CUR matrix decomposition is proposed as a gene subset selection method in
DNA microarray data for cancer (Rodriguez, Y. E. T., 2023). This method seeks to minimize the
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matrix. Based on this result, the author proposed an algorithm that seeks to select a subset of genes
in a non-conventional way to filter methods. Finally, the algorithm is applied to a Colon cancer DNA
microarray dataset. This set contains the expression levels of 2000 genes for 62 patients divided into
two classes: the sick class and the healthy class.

In this work we propose the restricted CUR matrix decomposition as a multivariate filter method. To do

. . . . A-C-X .. R . .
this, we consider the Frobenius norm relative error 6 = % as a finite succession in function of the
F

number of columns selected for a n X p with n < p matrix A. We show that this error is an decreasing

. . .. . . A—-C-X
succession and reaches its minimum faster than the normalized Frobenius norm error 6 = H. Based
—AkIF

on this result, we propose two algorithms that select a columns subset in such a way that 6 = "A"_:“X"F
F

small as possible. We applied the proposed algorithms to six cancer DNA microarray datasets. The subsets
selected by these algorithms are used as predictors to train the C4.5, NB and SVM classifiers, respectively.
Using the 5-field cross-validation resampling technique, balanced accuracy measures are calculated for
these three classifiers. Finally, the results obtained are compared with the results found in the literature

using non-parametric hypothesis tests in paired samples, concluding that these results are similar.

The paper is organized as follows: Section 2 defines the Frobenius norm relative error 6 = % asa
F

finite succession in function of the number of columns selected for n X p with n < p matrix A. Section 3

proposes the restricted CUR matrix decomposition as a multivariate filter method. Section 4 details the

proposed algorithms. Section 5 presents the research datasets. Sections 6 and 7 show the results and

discussion of the work, respectively. Finally, Section 8 presents the conclusions of the document.

normalized Frobenius norm error 6 = by approximating the data matrix by a low-rank

isas

2. FROBENIUS NORM RELATIVE ERROR

In 2023, Rodriguez, Y. E. T (2023), proposed the Frobenius norm relative error 6 = 1a-CXjip

llAllg
succession in function of the number of columns selected for n X p with n << p matrix A. The author
demonstrated that this succession is decreasing and tends to zero.

.. . . A—-PcA . .
Similarly, the Frobenius norm relative error% can be considered as a function of the number of
F

selected columns, this is: for all finite natural number p and for each c such that ¢ < p, one can define

as a finite

0g(c) = % and form the finite succession {6 (c)}-_, . This succession reaches its minimum value
F
faster than the succession formed by {8 (c)}_, with 6y (c) = W.
—AkllF

In order to prove this, we will first show that the succession {8(c)}’_, is decreasing. Let us consider
consider P.A=C-X, the projection onto the k-dimensional generated space by the columns of C in the matrix
A. For each c=1, .., p, let C(c) denote the matrix consisting of the first c columns selected by the restricted
CUR matrix decomposition, respectively.

For any c¢ such that 1<c<p-1, consider C(c) and C(c+1). By construction, C(c+1) contains all columns
of C(c) plus one additional column. Consequently, the column space of C(c) is contained in the column
space of C(c+1); that is, R(C(c))SR(C(c+1)).

The orthogonal projection P, A is the best approximation to A in R(C(c)) with respect to the Frobenius
norm; in other words, it minimizes [|A-B|| over all matrices B in R(C(c)). Similarly, Py 1A is the best
approximation to A in R(C(c+1)).

Since R(C(c))SR(C(c+1)) the set of admissible approximations in R(C(c+1)) includes every
approximation available in R(C(c)). Therefore, the approximation error over R(C(c+1)) cannot exceed
that over R(C(c)). Hence, [|A-Pee 1) All <[|A-PeoAll -

Thus, 8x(c)>0x(c+1) Vc=1.

In order to prove that the succession {6 (c)}>_, reaches its minimum value faster than the succession

{0y (©)3-_,, we will assume that 4 is a full-rank matrix, this is, r = min(n, p) = n.

Al = f n Zz?:l(aij)z (Definition of Frobenius norm)

= JT™, (0% (Frobenius norm property: o, is the i-th singular value of A)
Therefore, [|Allz = XT-,(0;)* .

1AllZ = XX (6)% + X1 11(0:)? (Numerical series property)
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= |4z + X4, 1(0,)? (Definition of Frobenius norm for a rank-k matrix)
= |42 + l|A — A, |2 (Eckart-Young approximation theorem)
Finally, [lAll7 > I|A — AglI%, therefore, [|Allz > [|A — Al

[A=PccoAll

Then, L < L
1Al g

lAlle — lA-AgllF

la-Pcoyall
lA-Agllp

and multiplying both members of the inequality by ||A — Py, A|| we get <

On the other hand, |4 — Py A|| > 0 when ¢ < n and ||A — P;(»Al|| = 0 when ¢ > n since 4 is a full-
rank matrix.
Then, 0 < 6z(c) < Oy(c) Ve <nand 6,(c) =6y(c) =0Vc =n.

Therefore, the finites successions {6 (¢)} and {6, (c)} reaches their minimum value when ¢ = n, however,
{6z (c)} does so faster due to 8 (c) < 0y (c).

3. RESTRICTED CUR MATRIX DECOMPOSITION: A MULTIVARIATE FILTER METHOD
Let A be an n X p matrix with n « p, containing n observations with known class labels and p features.
LetY beann x 1 column vector encoding the class labels (0 or 1) of the n observations. It is assumed that:
E(4;) =0, Var(4;) =1, Cor(4;, Y) # 0,Vj € {1, ..., p}, where 4; is the j-th column of A.
Considering that the rows of matrix A remain fixed during the selection process of the restricted CUR

. e . . . . . A—-C-X ..
matrix decomposition, it is valid to consider the Frobenius norm relative error la—CXlle T I as a finite
F

succession. Section 2 demonstrated that this succession is monotonically decreasing and reaches its
minimum value for all ¢ = n. In this context, the restricted CUR matrix decomposition can be considered
as a columns subset selection method (Rodriguez, Y. E. T., 2023). In particular, as a filter method
(Mahoney, M. W. and Drineas, P., 2009; Bodor, A. et al., 2012). In that sense, the subset of columns is

constituted by the matrix C such that% is minimal. This selection process is performed without
F

taking into account the classifier, a characteristic that defines filter methods.

From the above result, we propose a multivariate filter method that seeks to minimize the Frobenius norm
relative error as small as possible. This method seeks to select a number € = c(&) such that for € < n the
inequality 6, (C) < ¢ is satisfied for any number € > 0 (however small it may be). Where the matrix C(C)
is the subset of columns.

In this way, we can compute a classification model between the columns of matrix € (C) and the column
vector Y. Then, using the k-field cross-validation resampling technique for validates the model.

4. PROPOSED ALGORITHMS

4.1. rCURd ALGORITHM

The restricted CUR decomposition (rCURd) seeks to select a subset of columns by minimizing the
Frobenius norm relative error by approximating the data matrix A by a low rank matrix C. This algorithm
uses the restricted CUR matrix decomposition proposed by Mahoney and Drineas, whose criterion for
choosing the columns that form the matrix C consists of a normalized importance factor (Mahoney and
Drineas, 2009). This importance factor is defined by m; = % ’i‘zl(v})z,Vj =1,...,p where v} is the j-th
component of the i-th right singular vector of A. The rank parameter k is set by of the high variability
explained by the principal components (top k right singular vectors).

The criterion used by rCURd consists of selecting ¢ columns to form the matrix C, retaining the columns
with the highest importance factors. This criterion enjoys great acceptance by the scientific community as
evidenced by the research of (Mahoney, M. W. and Drineas, P., 2009; Bodor, A. et al., 2012; Rodriguez,
Y. E. T.etal., 2012; Yang, J. et al., 2015; Barahona, G. V. et al., 2019). In the rCUR package (Bodor, A.
and Solymosi, N., 2012) it is implemented as top.scores. A description of rCURd is given in Table 1.

Input: Matrix 4,,,, withn < p, rank parameter k, 0 < e <<'1
Output: Subset of columns selected C,,,. with ¢ < p.

1: Compute the normalized importance factors ; :% k(v of A
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2: forc=1topdo
3: Compute the matrix C(c) retaining the columns with the highest importance factors m; of A
4: Compute the pseudo-inverse of matrix C (c), denoted by C*(c)
5: Compute the matrix X by the matrix product between C*(c) y A
6 Compute the Frobenius norm relative error 85 (c) = W
F
7 if Bz (c) < ethen {
8 Select the columns subset of A by the matrix C = C(c)

9: break
10:  }
11: end

Table 1: Description of the rCURd algorithm.

4.2 FoS-rCURd ALGORITHM

In this section, we propose an algorithm that presents a significant improvement in execution time compared
to the rCURd algorithm. This algorithm, called Forward Selection by restricted CUR decomposition (FoS-
rCURAd), seeks to select a subset of columns by obtaining a sample that is as representative as possible of
the population. To do this, FoS-rCURd works in two steps. In the first step, a sample consisting of the h
first terms of the finite succession {6, (c)}’é’=1 considered as the initial population is selected. Subsequently,
it is analyzed how representative the sample is with respect to the population. If it is not representative, the
h first terms are deleted and the succession {6z (c)}._, ., is considered a new population and the h first
terms of it are considered a new sample. This iterative process is carried out until the sample is as
representative of the population as possible. In the second step, the c-th terms are computed: 6z (c) =

% in the selected sample. Finally, the subset of genes selected by FoS-rCURd is

F

C= min {C(c): 0z(c) < &} with ¢, being the first element of this sample. A description of the FoS-
C1SCSC14p

rCURd algorithm is given in Table 2.

Input: Matrix 4,,,, withn < p, rank parameter k, h < n, 0 < e <<1

Output: Subset of columns selected C,,,. With ¢ < p.

1. Compute the normalized importance factors 7; of A

2: fori=1topdo

3: Compute the base of the i-th rectangleb = (i— (i— 1)) h

4 Compute the matrix C (i - h) retaining the columns with the highest importance factors 7; of A
5: Compute the pseudo-inverse of matrix C (i - k), denoted by C* (i - h)
6: Compute the matrix X by the matrix product between C* (i - h) and A
7 Compute the height of the i-th rectangle a = la-c@hy Xie

8

9

llallp
ifa-b <e-bthen{
forc=(i—1)-htoi-hdo

10: Compute the matrix C(c) retaining the columns with the highest importance factors r; of A
11: Compute the pseudo-inverse of matrix C(c), denoted by C*(c)
12: Compute the matrix X by the matrix product between C*(c) and A
13: Compute the Frobenius norm relative error 8z (c) = W
F
14: if Oz(c) < ethen{
15: break
16: }
17: Select the columns subset of A by the matrix C = C(c)
18: end
19: break
20: }
21:end

Table 2: Description of the FoS-rCURd algorithm.

5. DATASET

We selected six cancer DNA microarray datasets from the research “A review of microarray datasets and
applied feature selection methods” by Bolon-Canedo, V. et al. (2014). These sets were selected on the
following objective: Solve the “large p small n” problem in the datasets through the subsets of genes
selected by the proposed algorithms. Table 3 provides a summary of these dataset. S denote the number of
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samples, F represents the number of feature, IR? indicates the imbalance ratio, and the last two columns
correspond to the original reference of the dataset and its source URL.

Dataset | S F IR Original Ref. Download
(Pomeroy, S. et al., | (Broad institute. Cancer Program Data Sets,
CNS 60 | 7129 1.86 2002) 2017)

Colon 62 | 2000 1.82 | (Alon, U.etal.,, 1999) | (Kent Ridge Bio-Medical Dataset, 2017)
DLBCI | 47 | 4026 1.04 (Z,g\gé)adeh, A. et al, | (Kent Ridge Bio-Medical Dataset, 2017)
(Freije, W. et al., 2004) | (Feature Selection Datasets at Arizona
State University, 2017)

(Petricoin, E. et al., | (Kent Ridge Bio-Medical Dataset, 2017)
2002)
(Spira, A. etal., 2007) | (Feature Selection Datasets at Arizona
State University, 2017)

Tabla 3: Cancer DNA microarray datasets description

GLI-85 | 85 | 22283 | 2.27

Ovarian | 253 | 15154 | 1.78

Smk 136 | 12600 | 1.34

6. RESULTS

The research results were obtained using the R-3.4.3 software (R Core Team, 2017) on a computer with
Windows 10 Pro 64-bit, 8 GB of RAM, an Inter(R) Core (TM) i3- 6100 and 1000 GB capacity.
To fulfill the abovementioned objective, a preprocessing step was applied to these dataset. This
preprocessing involved centering and scaling the data, as well as selecting columns correlated with the
dependent variable, where a value of 0 indicates a cancerous sample and a value of 1 indicates a non-
cancerous sample, respectively. The following functions from the stats package (R Core Team, 2023) were
used:
e The scale function to center the data (zero mean) and scale the data (unit variance) when necessary.
e The cor.test function to identify columns correlated with the dependent variable. This function
implements a statistical test based on Pearson's product moment correlation coefficient. For this
test, the level of significance was considered o = 0.05.
Table 4 summarizes the preprocessing steps applied to these dataset. S denotes the number of samples, F
represents the number of feature, IR indicates the imbalance ratio, and the last two columns corresponds
the centering and scaling processes applied to the data.

Dataset S F IR Center Scale
CNS 60 334 1.86 Yes Yes
Colon 62 389 1.82 Yes Yes
DLBCI 47 946 1.04 Yes Yes
GLI-85 85 7057 2.27 Yes Yes
Ovarian 253 8393 1.78 Yes No
Smk 136 4919 1.34 Yes Yes

Table 4: Cancer DNA microarray datasets description after preprocessing

After the data preprocessing step, an empirical study was carried out to determine the most appropriate
threshold (¢) in selecting the number of columns of the matrix C (selected subset of genes). To do this,
different thresholds were tested in the infinitely small succession in order to evaluate the impact of each
threshold on the quality of the approximation. We begin with a threshold equal to 10%, and then gradually
decrease with a difference of one unit to a threshold equal to 1%. This study was implemented in the
RStudio integrated development environment. The packages used in the implementation were Matrix
(Douglas, B. and Martin, M., 2017), MASS (Venables, W. N. and Ripley, B. D., 2002), rCUR, forach
(Revolution Analytics and Weston, S., 2015) and ggplot2 (Wickham, H., 2009).
The results achieved in the empirical study for the selection of gene subsets in the DNA microarray data
after preprocessing (see table 4), were computed with the rCURd and FoS-rCURd algorithms:
e CNS microarray data, we worked with the rCURd algorithm with rank parameter k equal to 21
and with the FoS-rCURd algorithm with rank parameter k and sample size h equal to 21 and 15,
respectively.

2 This ratio is defined as the number of negative class samples divided by the number of positive class
sample, in which a high level indicates that the dataset is highly imbalanced.
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Colon microarray data, we worked with the rCURd algorithm with rank parameter k equal to 8
and with the FoS-rCURd algorithm with rank parameter k and sample size h equal to 8 and 15,
respectively.

DLBCL microarray data, we worked with the rCURd algorithm with rank parameter k equal to
21 and with the FoS-rCURd algorithm with rank parameter k and sample size h equal to 21 and
15, respectively.

GLI185 microarray data, we worked with the rCURd algorithm with rank parameter k equal to 36
and with the FoS-rCURd algorithm with rank parameter k and sample size h equal to 36 and 15,
respectively.

Ovarian microarray data, we worked with the rCURd algorithm with rank parameter k equal to 1
and with the FoS-rCURd algorithm with rank parameter k and sample size h equal to 1 and 25,
respectively.

Smk microarray data, we worked with the rCURd algorithm with rank parameter k equal to 35
and with the FoS-rCURd algorithm with rank parameter k and sample size h equal to 35 and 19,
respectively.

For each of the previous cases, the rank parameter k was set corresponding to 80% of the variance explained
by the principal components. Table 5 shows these results.

Algorihm Study Cancer DNA microarray datasets

CNS Colon DLBCL GLI185 Ovarian Smk

€=0.10 | 58(0.0779) | 59(0.0943) | 45(0.968) 82 (0.0979) | 182(0.1000) | 179(0.0983)
€=0.09 | 58(0.0779) | 60(0.0851) | 46(0.0000) | 83(0.0698) | 196(0.0895) | 181(0.0820)
€=0.08 | 58(0.0779) | 61(0.0725) | 46(0.0000) | 83(0.0698) | 207(0.0792) | 182(0.0735)
€=0.07 | 59(0.0000) | 62(0.0592) | 46(0.0000) | 83(0.0698) | 217(0.0699) | 183(0.0647)

rCURd ¢=0.06 | 59(0.0000) | 62(0.0592) | 46(0.0000) | 84(0.0000) | 227(0.0595) | 184(0.0528)
¢=0.05 | 59(0.0000) | 63(0.0423) | 46(0.0000) | 84(0.0000) | 234(0.0486) | 185(0.0382)
¢=0.04 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 240(0.0392) | 185(0.0382)
¢=0.03 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 247(0.0280) | 186(0.0000)
¢=0.02 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 251(0.0173) | 186(0.0000)
£=0.01 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 253(0.0000) | 186(0.0000)
¢=0.10 | 58(0.0779) | 59(0.0943) | 45(0.968) | 82(0.0979) | 182(0.1000) | 179(0.0983)
¢=0.09 | 58(0.0779) | 60(0.0851) | 46(0.0000) | 83(0.0698) | 196(0.0895) | 181(0.0820)
¢=0.08 | 58(0.0779) | 61(0.0725) | 46(0.0000) | 83(0.0698) | 207(0.0792) | 182(0.0735)
¢=0.07 | 59(0.0000) | 62(0.0592) | 46(0.0000) | 83(0.0698) | 217(0.0699) | 183(0.0647)

F&SJ-R ; ¢=0.06 | 59(0.0000) | 62(0.0592) | 46(0.0000) | 84(0.0000) | 227(0.0595) | 184(0.0528)

r

¢=0.05 | 59(0.0000) | 63(0.0423) | 46(0.0000) | 84(0.0000) | 234(0.0486) | 185(0.0382)
¢=0.04 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 240(0.0392) | 185(0.0382)
¢=0.03 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 247(0.0280) | 186(0.0000)
¢=0.02 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 251(0.0173) | 186(0.0000)
¢=0.01 | 59(0.0000) | 64(0.0000) | 46(0.0000) | 84(0.0000) | 253(0.0000) | 186(0.0000)

Table 5: Results of the empirical study for the selection of the subsets of genes in the DNA microarray data

After analyzing the results of table 5, the following conclusions were reached:

From the CNS microarray data, the gene subset C = €(58) was selected. This subset contains the
expression levels of 58 genes for 60 patients with Medulloblastoma. To carry out this selection,
we worked with an infinitely small succession generated by the rCURd and FoS-rCURd
algorithms with threshold ¢ = 0.08 . This threshold corresponds to the quality of the
approximation, which is 0.0779 for a total of 58 levels of gene expressions.

From the Colon microarray data, the C = C(63) gene subset was selected. This subset contains
the expression levels of 63 genes for 62 patients divided into two classes: the sick class and the
healthy class. To carry out this selection, we worked with an infinitely small succession generated
by the rCURd and FoS-rCURd algorithms with threshold € = 0.05. This threshold corresponds to
the quality of the approximation, which is 0.0423 for a total of 63 levels of gene expressions.
From the DLBCL microarray data, the C = C(45) gene subset was selected. This subset contains
the expression levels of 45 genes for 47 patients with diffuse large B-cell lymphoma. To carry out
this selection, we worked with an infinitely small succession generated by the rCURd and FoS-
rCURd algorithms with threshold € = 0.10. This threshold corresponds to the quality of the
approximation, which is 0.0968 for a total of 45 levels of gene expressions.
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e From the GLI85 microarray data, the C = C(83) gene subset was selected. This subset contains
the expression levels of 83 genes on 85 diffuse infiltrating gliomas. To carry out this selection, we
worked with an infinitely small succession generated by the rCURd and FoS-rCURd algorithms
with threshold € = 0.07. This threshold corresponds to the quality of the approximation. which is
0.0698 for a total of 83 gene expression levels.

e  From the Ovarian microarray data the C = C(251) gene subset was selected. This subset contains
the expression levels of 251 genes for 253 samples divided into two classes: the diseased class and
the healthy class. To carry out this selection, we worked with an infinitely small succession
generated by the rCURd and FoS-rCURd algorithms with threshold € = 0.02. This threshold
corresponds to the quality of the approximation, which is 0.0173 for a total of 251 gene expression
levels.

e From the Smk microarray data, the C = C(185) gene subset was selected. This subset contains
the expression levels of 185 genes for 187 samples divided into two classes: the tumor class and
the control class. To carry out this selection, we worked with an infinitely small succession
generated by the rCURd and FoS-rCURd algorithms with threshold € = 0.04. This threshold
corresponds to the quality of the approximation, which is 0.0382 for a total of 185 gene expression
levels.

It is not a surprise that both algorithms generated the same infinitely small succession; since the two
algorithms seek to select a subset of genes so that the Frobenius norm relative error is as small as possible.
However, the FoS-rCURd algorithm generated the infinitely small succession in much less time than the
rCURd algorithm. This is because the FoS-rCURd algorithm presented a significant improvement in terms
of its execution time. Table 6 shows these results.

Execution time Cancer DNA microarray datasets
CNS | Colon | DLBCL | GLI85 Ovarian Smk
rCURd (seconds) 0.64 0.61 0.64 16.80 200.77 54.2
FoS-rCURd (seconds) 0.26 0.19 0.20 4.83 33.17 11.64

Table 6: Results of the execution time for the selection of the subsets of genes in the DNA microarray data.

7. DISCUSSION

The results of the research showed that the FoS-rCURd algorithm was superior to the rCURd algorithm in
solving the “large p small n” problem presented in the datasets studied. Based on this result, it was decided
to study how good the FoS-rCURd algorithm was in selecting gene subsets.

Taking into account that the selection process of the FoS-rCURd algorithm was performed without
considering the classifier, a review of the most commonly used filtering methods on cancer DNA
microarray datasets was carried out. The results of the review yielded 2 articles that contained the six
research datasets. These two articles were (Bol6n-Canedo, V. et al., 2011) and (Boldn-Canedo, V. et al.,
2014). However, the research by Boldon-Canedo, V. et al. (2014) was the most complete.

In (Bol6n-Canedo, V. et al., 2014), the authors carried out an exhaustive review of the existing literature
on DNA microarray datasets for cancer and feature selection methods applied in this context. In this sense,
the authors used six feature selection methods by filters: Correlation-based Feature Selection (CFS) (Hall,
M., 1999), Fast Correlation-Based Filter (FCBF) (Yu, L. and Liu, H., 2003), Interact (INT) (Zhao, Z. and
Liu, H., 2007), Information Gain (IG) (Hall, M. and Smith, L., 1998), ReliefF (RF) (Kononenko, ., 1994)
and minimun Redundancy Maximun Relevance (nRMR) (Peng, H. et al., 2005). The subsets selected by
these methods were used as predictors in the C4.5 classification tree, the Naive Bayes (NB) classifier and
the support vector machine with linear kernel (SVM), respectively. The measure of accuracy was calculated
in order to validate the calculated classification models.

Following this idea, the subsets of genes selected by the FoS-rCURd algorithm were used as predictors for
the C4.5, NB and SVM classification models, respectively. During the training process of these three
classifiers, the 5-field cross-validation resampling technique was used. Finally, measures of accuracy were
calculated in order to validate the calculated classification models. The packages used to obtain the results
were RWeka (Hornik, K. et al., 2009), klaR (Weihs, C. et al., 2005), kernlab (Karatzoglou, A. et al., 2023)
and caret (Kuhn, M., 2008).

In order to analyze the results achieved by the FoS-rCURd algorithm in problems of classification of cancer
tumors, it was decided to perform the Friedman's non-parametric test. The hypothesis test was formulated
as Ho:Mgos—rcura = Mcrs = Mpcer = Mint = Mig = Mgeliefr = MmrMr = Maigorithms VS Hy: at least
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the median of the balanced accuracy results in one algorithm was different from the others. In this
hypothesis tests, the level of significance was considered o = 0.05.

For each classifier, the p-value was higher than the significance level used. This means that there was no
evidence in statistical terms to reject the null hypothesis. Therefore, we can conclude that the FoS-rCURd,
CFS, FCBF, INT, IG, ReliefF and mRMR algorithms showed similar results (see table 7).

Algorithms DNA Microarray Datasets for Cancer Friedman's test

CNS Colon DLBCL | GLI85 Ovarian Smk p-value = 0.4041
FoS-rCURd 0.83 0.82 0.67 0.78 0.81 0.76
S | CFS 0.62 0.79 0.75 0.79 0.98 0.64
© | FCBF 0.48 0.79 0.73 0.82 0.99 0.61
£ | INT 0.55 0.79 0.70 0.78 0.98 0.59
g |16 0.63 0.84 0.73 0.81 0.96 0.65
O | ReliefF 0.53 0.82 0.73 0.82 0.99 0.61
mRMR 0.58 0.82 0.73 0.80 0.97 0.62

FoS-rCURd 0.84 0.81 0.96 0.94 0.67 0.77 p-value = 0.3234
% CFS 0.67 0.85 0.90 0.82 1.00 0.65
-~ | FCBF 0.70 0.80 0.90 0.85 0.99 0.69
= | INT 0.70 0.77 0.90 0.82 1.00 0.64
2 16 0.63 0.77 0.92 0.85 0.98 0.66
O | ReliefF 0.67 0.84 0.92 0.89 0.98 0.67
mRMR 0.62 0.80 0.94 0.80 0.99 0.67

FoS-rCURd 0.93 0.74 0.98 1.00 0.98 0.70 p-value = 0.1488
; CFS 0.62 0.81 0.88 0.88 1.00 0.64
o | FCBF 0.65 0.84 0.81 0.87 1.00 0.71
2 | INT 0.62 0.81 0.88 0.88 1.00 0.66
% IG 0.67 0.85 0.94 0.86 1.00 0.72
O | ReliefF 0.73 0.85 0.92 0.89 1.00 0.69
mRMR 0.70 0.84 0.96 0.89 1.00 0.68

Table 7: Results of the Friedman's non-parametric test for balanced accuracy by the classifiers with the 5-field cross-
validation resampling technique.

8. CONCLUSIONS

In this work, we propose the restricted CUR matrix decomposition as a multivariate filter method inan x p
withn « p matrix A. This method tries to minimize the Frobenius norm relative error by approximating
the data matrix by a low rank matrix. To do this, we considered the Frobenius norm relative error as a finite
succession in function of the number of columns selected and it was shown that it is an decreasing
succession. Based on this result, two algorithms were proposed for columns subset selection in a non-
conventional way to filter methods. Both algorithms use the restricted CUR matrix decomposition proposed
by Mahoney and Drineas, whose criterion for choosing the columns that form the matrix C consists of
retaining those columns with the highest importance factors.

We applied the proposed algorithms, denoted by rCURd and FoS-rCURd, to six cancer DNA microarray
dataset. To do this, an empirical study was carried out to determine the most appropriate threshold in
selecting the number of columns of the matrix C. We started with a threshold equal to 10%, and then
gradually decreased with a difference of one unit until a threshold equal to 1%. For each of the studies, the
range parameter k was set corresponding to 80% of the variance explained by the principal components.
In all datasets the proposed algorithms selected the same subset of genes. However, the FoS-rCURd
algorithm performed it in much less time than the rCURd algorithm. This is because the FoS-rCURd
algorithm presented a significant improvement in terms of its runtime. Based on these results, the FoS-
rCURA algorithm was superior to the rCURd algorithm in solving the “large p small n” problem presented
in the datasets studied.

Finally, the subsets selected by the FoS-rCURd algorithm were used as predictors to train the C4.5, NB and
SVM classifiers, respectively. Using the 5-field cross-validation resampling technique, accuracy measures
were calculated for these three classifiers. The results obtained by these three classifiers were statistically
compared with the results reported by the filter methods: CFS, FCBF, INT, I1G, RF and mRMR. To do this,
Friedman's non-parametric test was used for each classifier. The results of these hypothesis tests showed
that the FoS-rCURd algorithm showed similar results to CFS, FCBF, INT, 1G, RF and mRMR.
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