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ABSTRACT

This article analyzes an approximate solution of the nonlinear Burger's equation arising in longitudinal dispersion phenomena. The solution
has been obtained by using Double Power Series Method (DPSM) which represents the concentration C of fluid for any distance X and
any time T. The numerical as well as graphical solutions are obtained by MATLAB coding and physically interpreted well.
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RESUMEN

Este articulo analiza una solucion aproximada de la ecuacion de Burger no lineal el que surge en fendmenos de dispersion longitudinal.
La solucién se obtuvo utilizando el método de la Serie de Doble Potencia (DPSM), que representa la concentracién C de fluido para
cualquier distancia X y cualquier tiempo T. Las soluciones numéricas y graficas se obtienen mediante la codificacion de MATLAB y se
interpretan bien fisicamente.

PALABRAS CLAVE: Ecuacién de Burger no lineal, Fenémenos de dispersion longitudinal, Método de Series de Doble Potencia.
1. INTRODUCTION

Burger's equation is the fundamental model equation appearing in different fields of applied mathematics like
traffic flow, fluid mechanics, gas dynamics, etc. In 1948, Burger introduced the interaction of two physical
transport phenomenon diffusion and convection. Navier-Stokes equation and Burger's equation are analogous in
the form of nonlinearities and the occurrence of higher-order derivatives with small coefficients.

Dispersion is the process by which miscible fluids in laminar flow mix in the direction of the flow. Dispersion is
the mixing of solute in a fluid flow through porous media which combines the diffusive and advective transport
phenomena. Dispersion phenomena occur in oil reservoir engineering, in chemical engineering, in many problems
of groundwater flow, etc.

The study of dispersion phenomena in fluid flow through porous media is of great importance for petroleum
engineering, chemical engineering, soil science, hydrologists, etc. This problem has been discussed by many
researchers with different viewpoints and used different methods such as Adomian Decomposition Method
(ADM) [7], Variational Iteration Method (VIM) [8], Homotopy Analysis Method (HAM) [11, 12, 14], Variational
Homotopy Perturbation Method (VHPM) [3], New Integral Transform Homotopy Perturbation Method
(NITHPM) [17], Sumudu Transform Homotopy Perturbation Method (STHPM) [19], Finite Difference Method
(FDM) [2], Modified Variational Iteration Method (MVIM) [10], Laplace Transform Method (LTM) [13] and
Modified Homotopy Analysis Method (MHAM) [18] to obtain a numerical and analytical solutions.

The aim of this paper is to use the Double Power Series Method (DPSM) [5] to achieve an approximate solution
of the nonlinear Burger's equation arising in longitudinal dispersion phenomena. Using DPSM, we get an infinite
series solution. Other authors have studied DPSM [9, 16] to solve different kinds of NPDEs.

2. MATHEMATICAL FORMULATION OF THE PROBLEM
In the case of incompressible fluids, the mass conservation law for the mixture [1] is given by

where p is the density and 1 is seepage velocity of the mixture.
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The diffusion equation for fluid dynamics in porous medium, without changing the dispersing material [15] is
given by
C.+V-(Ci) =V-[pDV(CpD)] )
where C is the concentration of the fluids and D is the tensor coefficients of dispersion with components D;;.
If density p is constant in laminar flow for an incompressible fluid through homogeneous porous medium, then
V-i=0. 3)
Therefore equation (2) can be rewritten as
C,+1u-(VC) =V-[DVC]. (4)
Assuming that the seepage velocity 1 is along x-axis, the coefficient of longitudinal dispersion D,; = D, and D;;
is zero for i,j # 1 [15]. Now equation (4) can be written as
Ct +u Cx = DL Cxxv (5)
where u, is the component of seepage velocity in x direction which is time dependent as well as concentration
along the x-axis in x > 0 direction, and D;, > 0. According to [6], we assume that u; = C4*C(x, t). Substituting
the value of u, in equation (5), we obtain
Ce + C5'C Cy = Dy, Cry, (6)
To convert equation (6) in dimensionless form, we choose
Cox t D, C?

X = — = — = 7
2 T oY T @)
Co 1
= Xx = T, Tt = Z
Now,
1 C0
C,=Cr Ty =Cr- 7’ ,Co=Cx- X, =Cyx- T
and
Coy Co _ C§
Cox = (C)x = (Cx - X. (Cx L )X T = L_2 Cxx
Equation (6), reduces to
1 1 Co ce
CT'Z+CO CCXT=DL F‘CXX
D.C§
o CT+CCX= T'CXX
Hence,
Cr=yCxx —CCx 3
with appropriate initial and boundary conditions are as follows
CX,0)=e*,X=0 C)
€0, T)=1T=>=0 (10)

Equation (8) is known as nonlinear Burger's equation arising in longitudinal dispersion phenomena.
3. IMPLEMENTATION OF DOUBLE POWER SERIES METHOD

Let double power series solution of equation (8) be of the form

CX,T) = Z Z @y X™TT 1)

m=0n=0
Differentiating equation (11) partially with respect to X and T, we get double series expansion of Cy and C; are
as follows:

@=22m+mwmxw (12)
maon
Cr = Z Z(n + D tppeny X" T (13)
m=0
Again differentiating equation (12) par |aIIy Wlth respect to X, we get
@X=§:§}m+1Xm+zmmnmXMT” (14)
m=0n=0

Also the double series expansion of C C, as follow
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cC, = Z Z Z Z(m —q+ 1) Agp Am—q+1)(n—p) xmTn (15)
m=0

n=0|p=0qg=0
Putting equations (13), (14), and (15) into (8), we have

DD Ot Datmuny XM T =y Y (m+ D+ gz X7 T

m=0n=0 m=0n=0
© n o m

B Z Z Z Z(m —q+1)agp am-grm-p) | X" T"

m=0n=0 |p=0q=0

Z Z(n + 1)am(n+1) xmTn

m=0n=0

m=0 0

= > > [y + DO+ agniom
—0n=
n m
- Z Z(m —q+1) ag Agn-gryn-p) | X" T"
p=0q=0
Equating the coefficient both the sides, we obtain the following recursion formula
(Tl + 1)am(n+1) = y(m + 1)(771 + 2)

n m
16
—Z Z(m —q+1)ag am-q+1)(n-p), Y M, =0 (16)
p=0qg=0
The initial condition (9) and boundary condition (10) are transformed as follows
z @mo X = Z m! X"
m=0 m=0
which gives
=™
Amo =~ ,Vvm=0 17)
and
ZaOnT"= 1=ag+ ZaOnT"=1+ZOT",
i i n=0 m=0 m=0
which gives
1, n=0,
an={y » > 0. (18)
Substituting equations (17) and (18) into equation (16) for several values of m and n, and by recursive
method, we get the following coefficients
ayy = 6yasg — Agolze — Ayod10 = —(¥ + 2),
Az1 = 12ya4 — 300039 — 310020 = 2 r+4),
' 1
az1 = 20yasg — 4agoaq9 — 41030 — 2030020 = 3 (r +8),
¥
az1 = 30yas0 — 5Apoas0 — 51040 — 52030 = E(Y + 16),
and so on.
Substituting all a,,,, into equation (11), we obtain the following infinite series solution
1 1 1 1
CX,TN=1-X+—X>—=X3+—X*'— -y +2DXT+=(Q +4)X?T
2! 3! 4! 2! (19)

1 1
—§(y+8)X3T+E(y+ 16) X*T — -
which is the solution of equation (8). The numerical solution of equation (19) is shown in Table 1 and its
graphical representation are shown in Figures 1 and 2. Table 2 and Figure 3 indicate the comparison between the
results acquired by various standard methods such as DPSM, VHPM and NITHPM.
According to a convergence of double power series given by Ghorpade and Limaye [4], substituting T = 0
in (19), we get

1 1 1
— 1 _ 2 _ 34 y4 ...
CO) =1-X+ X2 - X3+ X ) (24)
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which is convergent. Hence we can say that the double power series obtained on right hand side of (19) is also

convergent.
X T = 0.001 T = 0.002 T = 0.003 T = 0.004 T = 0.005
0.0 1.0000 1.0000 1.0000 1.0000 1.0000
0.1 0.9046 0.9043 0.9040 0.9037 0.9035
0.2 0.8182 0.8177 0.8172 0.8167 0.8162
0.3 0.7401 0.7394 0.7387 0.7380 0.7373
0.4 0.6695 0.6686 0.6678 0.6669 0.6660
0.5 0.6058 0.6047 0.6037 0.6027 0.6017
0.6 0.5483 0.5471 0.5460 0.5449 0.5437
0.7 0.4966 0.4954 0.4942 0.4930 0.4917
0.8 0.4505 0.4492 0.4479 0.4466 0.4453
0.9 0.4095 0.4082 0.4069 0.4056 0.4043
1.0 0.3737 0.3724 0.3711 0.3698 0.3685
X T = 0.006 T =0.007 T =0.008 T = 0.009 T =0.010
0.0 1.0000 1.0000 1.0000 1.0000 1.0000
0.1 0.9032 0.9029 0.9026 0.9023 0.9021
0.2 0.8157 0.8152 0.8146 0.8141 0.8136
0.3 0.7366 0.7359 0.7352 0.7344 0.7337
0.4 0.6651 0.6643 0.6634 0.6625 0.6616
0.5 0.6007 0.5996 0.5986 0.5976 0.5966
0.6 0.5426 0.5415 0.5403 0.5392 0.5381
0.7 0.4905 0.4893 0.4881 0.4869 0.4856
0.8 0.4441 0.4428 0.4415 0.4402 0.4390
0.9 0.4030 0.4017 0.4004 0.3991 0.3978
1.0 0.3673 0.3660 0.3647 0.3634 0.3621

Table 1: Numerical values of the concentration to distance X and time T,
taking y = 1 is fixed.

Figure 1: The graph of Concentration C(X,T) Vs. Distance (X) Figure 2: 3D of Concentration C (X, T) Vs. Distance (X)

Table 2: Comparison of numerical values of the concentration by DPSM, VHPM and NITHPM for fixed

time T = 0.005
¥ T = 0.005
DPSM VHPM [3] NITHPM [17]
0.0 1.0000 1.0000 1.0000
0.1 0.9035 0.9136 0.9136
0.2 0.8162 0.8263 0.8263
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0.3 0.7373 0.7473 0.7473

0.4 0.6660 0.6760 0.6760
0.5 0.6017 0.6114 0.6114
0.6 0.5437 0.5531 0.5531
0.7 0.4917 0.5003 0.5003
0.8 0.4453 0.4526 0.4526
0.9 0.4043 0.4094 0.4094
1.0 0.3685 0.3704 0.3704

4. CONCLUSION

Here we have studied the phenomena of longitudinal
dispersion, which leads to a nonlinear partial differential
equation known as Burger's equation (8). Using appropriate
initial and boundary conditions, the solution is obtained in
the form of double power series in (19). The numerical
solution and graphical representation have been
demonstrated by MATLAB in Table 1 and Figure 1
respectively. It can be observed that form Table 1 and Figure
1, the concentration is decreasing with respect to distance as
well as time

Figure 3: Comparison of solutions by DPSM, VHPM and
NITHPM for fixed time T = 0.005

which is consistent with the physical nature of the phenomenon.

[1]
[2]

(3]

[4]
(5]

[6]

[7]

(8]

(9]

RECEIVED: MARCH, 2022.
REVISED: MARCH, 2023
REFERENCES

BEAR, J. (1972): Dynamics of fluids in porous media, American Elsevier Publishing Company, Inc.
BORANA, R. N., PRADHAN, V. H., MEHTA, M. N. (2015): Numerical solution of one-dimensional
dispersion phenomenon in homogeneous porous medium by finite difference method, International
Conference on Emerging Trends in Scientific Research (ICETSR-2015).

DAGA, A., DESAI, K., PRADHAN, V. (2013): Variational homotopy perturbation method for
longitudinal dispersion arising in fluid flow through porous media, International Journal of
Emerging Technologies in Computational and Applied Sciences, 6 , 13-18.

GHORPADE, S. R, LIMAYE, B. V. (2010): A Course In Multivariable Calculus and Analysis,
Springer-Verlag, New York.

MAKWANA, P. R., PARIKH A. K. (2017): Approximate Solution of Nonlinear Diffusion Equation
Using Power Series Method (PSM): International Journal of Current Advanced Research, 06 , 6374
—6377.

MEHTA, M. N., PATEL, T. (2006): A Solution of Burger's Equation Type One Dimensional Ground
Water Recharge by Spreading in Porous Media, Journal of the Indian Academy of Mathematics, 28
, 25-32.

MEHER, R., MEHTA, M. N. (2010): Adomian decomposition method for dispersion phenomena
arising in longitudinal dispersion of miscible fluid flow through porous media, Adv. Theor. Appl.
Mech., 3, 211-220.

MISTRY, P. R. (2013):Variational iteration method for dispersion phenomena arising in longitudinal
dispersion of miscible fluid flow through porous media, International Journal of Advanced Computer
and Mathematical Sciences, 4, 44-49.

NUSEIR, A. S., AL-HASOON, A. (2012): Power series solutions for nonlinear systems of partial
differential equations, Applied Mathematical Sciences, 6, 5147-5159.

OLAYIWOLA, M. O. (2016): A computational method for the solution of nonlinear burgers' equation
arising in longitudinal dispersion phenomena in fluid flow through porous media, British Journal of
Mathematics & Computer Science, 14, 1-7.

PATEL, K., MEHTA, M. N.,, SINGH, T. R. (2013): Solution of one-dimensional dispersion
phenomenon by homotopy analysis method, International Journal of Modern Engineering
Research, 3, 3626-3631.

PATEL, M. A., DESAI, N. B. (2017): An approximate analytical solution of the burger's equation for
longitudinal dispersion phenomenon arising in fluid flow through porous medium, International
Journal on Recent and Innovation Trends in Computing and Communication, 5, 1103-1107.

69



PATEL, K. K., MEHTA, M. N., SINGH, T. R. (2014): A solution of one-dimensional advection-
diffusion equation for concentration distribution in fluid flow through porous media by homotopy
analysis method, International Journal of Engineering Research and Applications, 4, 421-428.
PATEL, S. S. (2016): The study of longitude dispersion phenomenon in flow problems through Laplace
transform technique, IJRDO-Journal of Mathematics, 2, 48-52.

POLUBARINOVA-KOCHINA, P. Y. (1962): Theory of groundwater movement, Princeton
University Press, Princeton.

ROOPASHREE, N. S., NARGUND, A. L. (2016): Power series solution of non-linear partial
differential equations, International Journal of Mathematics and Computer Research, 4, 1514-
1520.

SHAH, K. N, SINGH, T. R. (2015): A solution of the Burger’s equation arising in the longitudinal
dispersion phenomenon in fluid flow through porous media by mixture of new integral transform and
homotopy perturbation method, Journal of Geoscience and Environment Protection, 3, 24-30.
SHAH, K. N., SINGH, T. R. (2017): The modified homotopy algorithm for dispersion phenomena,
International Journal of Applied and Computational Mathematics, 3, 785-799.

SINGH, T. R., CHOKSI, B. G., MEHTA, M. N., PATHAK, S. (2015): A solution of the burger's
equation arising in the longitudinal dispersion phenomena in fluid flow through porous media by
sumudu transform homotopy perturbation method, IOSR Journal of Mathematics (IOSR-JM), 11,
42-45,

70



